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Abstract
The relation between Hamiltonicity and toughness of a graph is a long standing
research problem. The paper studies the Hamiltonicity of the Cartesian product
graph G1G2 of graphs G1 and G2 satisfying that G1 is traceable and G2 is
connected with a path factor. Let Pn be the path of order n and H be a
connected bipartite graph. With certain requirements of n, we show that the
following three statements are equivalent: (i) PnH is Hamiltonian; (ii) PnH
is 1-tough; and (iii) H has a path factor.
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1. Introduction
A graph is Hamiltonian if it contains a spanning cycle, and is traceable if it
contains a spanning path. Determining the Hamiltonicity of a given graph is an
old and famous problem. Here we focus on a family of graphs called Cartesian
product graphs.
Definition 1.1. The Cartesian product graph G1G2 of graphs G1 and G2 is
a graph with vertex set
V (G1G2) = {vu | v ∈ V (G1), u ∈ V (G2)},
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and edge set E(G1G2) =
{vuvw | v ∈ V (G1), uw ∈ E(G2)} ∪ {vuwu | u ∈ V (G2), vw ∈ E(G1)}.
Let ∆(G) denote the maximum degree of graph G and |V (G)| denote the
number of vertices of G. The order of G is |V (G)|. Let Pn denote a path of
order n. A path factor of a graph is a spanning subgraph of the graph such that
each component of the spanning subgraph is isomorphic to a path with order
at least two. If each component in a path factor is isomorphic to P2, the path
factor is called a perfect matching. We will prove the following theorem.
Theorem 1.2. Let G1 be a traceable graph and G2 a connected graph. State-
ments (a) and (b) are given as following:
(a) G2 has a perfect matching and |V (G1)| ≥ ∆(G2).
(b) G2 has a path factor and |V (G1)| is an even integer with |V (G1)| ≥
4∆(G2)− 2.
If one of (a),(b) holds, then G1G2 has a Hamiltonian cycle.
The well-known Petersen’s matching theorem [9] states that a connected
3-regular graph with no cut-edges has a perfect matching, so together with
Theorem 1.2(a) we obtain the following corollary.
Corollary 1.3. Let G1 be a traceable graph of order at least 3. If G2 is a
connected 3-regular graph with no cut-edge, then G1G2 has a Hamiltonian
cycle.
Let δ(G) denote the minimum degree of graph G. We use Theorem 1.2(b)
to obtain the following two Dirac-type results [6].
Corollary 1.4. Let G2 be a connected graph with 2δ(G2) ≥ ∆(G2) and G1 be
a traceable graph of even order. If |V (G1)| ≥ 4∆(G2) − 2, then G1G2 has a
Hamiltonian cycle.
Corollary 1.5. Let G2 be a connected graph with δ(G2) ≥ |V (G2)|/3 and G1
be a traceable graph of even order. If |V (G1)| ≥ 4∆(G2)− 2, then G1G2 has
a Hamiltonian cycle.
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For S ⊆ V (G) let G − S denote the subgraph of G induced on V (G) − S.
To discuss the Hamiltonicity of graphs, another measure of graphs is usually
considered. A graph G is t-tough if t is a rational number such that |S| ≥
t · c(G− S) for any cut set S of G, i.e. S ⊆ V (G) such that G− S has c(G− S)
components with c(G− S) ≥ 2. If G is not complete, the largest t makes G to
be t-tough is called the toughness of G, denoted by t(G). For convenience, we
set t(Kn) = +∞, where Kn is the complete graph of order n.
Toughness is a non-decreasing (with respect to the number of edges) graph
property. Therefore, a Hamiltonian graph is 1-tough since it contains a span-
ning cycle which is 1-tough. However, not all 1-tough graphs are Hamiltonian.
Figure 1 gives a 1-tough non-Hamiltonian graph of order 7.
Figure 1. A 1-tough non-Hamiltonian graph with 7 vertices
The idea of graph toughness was first introduced by V. Chva´tal in his 1973’s
seminal paper [3]. He conjectured that there exists a real number t0 such that
all t0-tough graphs are Hamiltonian. However, this conjecture is still open.
From papers [7] and [2], there are examples of non-Hamiltonian graphs with
toughness greater than 1.25 and 2, respectively. On the other hand, for specific
graph classes, there may exist a toughness bound to ensure the Hamiltonicity.
For instance, [8] shows that every 10-tough chordal graphs are Hamiltonian.
Chva´tal’s Conjecture holds trivially for bipartite graphs by choosing t0 =
1 + ǫ for any ǫ > 0 since a bipartite graph has toughness at most 1. Hence the
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Hamiltonicity of a 1-tough bipartite graph deserves a further study. We apply
Theorem 1.2 on a special family of bipartite graphs and obtain the following
two corollaries.
Corollary 1.6. Let T be a tree with a perfect matching and n be a positive
integer. The following three statements are equivalent:
(1) PnT is Hamiltonian.
(2) PnT is 1-tough.
(3) n ≥ ∆(T ).
Corollary 1.7. Let H be a connected bipartite graph. Let n be an even integer
and n ≥ 4∆(H)− 2. The following three statements are equivalent:
(1) PnH is Hamiltonian.
(2) PnH is 1-tough.
(3) H has a path factor.
The paper is organized as follows. In Section 2, we use a known char-
acterization of a graph with a path factor to study the toughness of PnH ,
where H is a bipartite graph. We will prove Theorem 1.2(a) in Section 3; and
prove Theorem 1.2(b) in Section 4. In Section 5, we complete the proofs of
Corollary 1.4, Corollary 1.5, Corollary 1.6 and Corollary 1.7. To show the as-
sumption |V (G1)| ≥ 4∆(G2) − 2 in Theorem 1.2 (b) can not be extended to
|V (G1)| ≥ ∆(G2) as suggested by Corollary 1.6, we give an example of 1-tough
non-Hamiltonian graph P4T for a particular tree T that has a path factor and
∆(T ) = 3 in Section 5. Finally, two conjectures will be given in Section 6.
2. Path factor of a bipartite graph
To introduce properties of a graph with a path factor, we need more no-
tations. First, we say a graph to have a {P2, P3}−factor if it has a spanning
subgraph such that each component is isomorphic to P2 or P3. Next, we use
i(G) to denote the number of isolated vertices of G.
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A {P2, P3}-factor is a path factor, and a path with order at least 2 has a
{P2, P3}-factor. Therefore, the following lemma follows.
Lemma 2.1. A graph G has a path factor if and only if G has a {P2, P3}-
factor.
The proposition below is from [1].
Proposition 2.2 ([1]). A graph G has a path factor if and only if i(G−S) ≤ 2|S|
for all S ⊆ V (G).
Lemma 2.3. Let G be a graph. If δ(G) ≥ |V (G)|/3, then G has a path factor.
Proof. Suppose G has no path factor. Choose S ⊆ V (G) with |I| = i(G− S) >
2|S| by Proposition 2.2, where I is the set of isolated vertices in G−S. As each
vertex in I has degree at most |S| in G, we have |S| < (|S|+ |I|)/3 ≤ |V (G)|/3,
a contradiction to the assumption that δ(G) ≥ |V (G)|/3.
Restricted to bipartite graphs, the following is a supplementary of Proposi-
tion 2.2.
Proposition 2.4. If H is a bipartite graph that does not contain a path factor,
then there exists a vertex subset S that belongs to a single partite set of H with
i(H − S) > 2|S|.
Proof. By Proposition 2.2 there exists S′ ⊆ V (H) such that i(H − S′) > 2|S′|.
Let H have partite sets A,B and SA := S
′ ∩ A,SB := S
′ ∩ B. Note that an
isolated vertex in H − S′ is either an isolated vertex in H − SA or an isolated
vertex in H−SB. So i(H−SA)+i(H−SB) = i(H−S
′) > 2|S′| = 2|SA|+2|SB|
which implies i(H − SA) > 2|SA| or i(H − SB) > 2|SB|.
For convenience, assume
V (Pn) = {1, 2, . . . , n}, E(Pn) = {i(i+ 1) : i = 1, 2, . . . , n− 1}
in the rest part of this paper.
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Theorem 2.5. If H be a bipartite graph without path factors, then the Cartesian
product PnH is not 1-tough.
Proof. By Proposition 2.4, there exists a vertex subset S in a single partite set
of H such that i(H−S) > 2|S|. Let I denote the set of isolated vertices in H−S
and jS := {js | s ∈ S}, jI := {ju | u ∈ I} for 1 ≤ j ≤ n. Let V (PnH) = X ∪Y
be a bipartition of PnH with |X | ≤ |Y |. For the case |X | = |Y |, let Y
be the partite set which contains 1S . Note that 1I , 2S ⊆ X , 2I ⊆ Y , and
2|1S| = 2|S| < i(H − S) = |1I |. If |X | < |Y |, then c(PnH −X) = |Y | > |X |,
implying that PnH is not 1-tough. Suppose |X | = |Y |. Set X
′ = (X∪1S)−1I
and Y ′ = (Y ∪ 1I)− 1S . Now 1I , 2I ⊆ Y
′. Since 1u2u is the only possible edge
in Y ′ for each u ∈ I, we have c(PnH − X
′) ≥ |Y ′| − |1I | = |Y | − |1S| >
|X |+ |1S| − |1I | = |X
′|. Thus PnH is not 1-tough.
Considering the special case n = 1 in Theorem 2.5, we have the following
corollary, which is of independent interest.
Corollary 2.6. An 1-tough bipartite graph has a path factor.
3. Trees with perfect matchings
Let Cn denote the cycle of order n. Results about the Hamiltonicity of
Cartesian product graphs have been proved in several papers. For instance, the
papers [4],[5] and [10] have mentioned the following result.
Theorem 3.1 ([10]). Let T be a tree. If n ≥ ∆(T ), then CnT is Hamiltonian.
Motivated by Theorem 3.1, we will prove the Hamiltonicity of PnT . Before
doing this we comment by the following lemma to show that the assumption
n ≥ ∆(T ) in Theorem 3.1 is necessary.
Lemma 3.2. Let G1 be a connected graph and T be a tree. If ∆(T ) > |V (G1)|,
then the Cartesian product G1T is not 1-tough.
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Proof. Find v ∈ V (T ) with deg(v) = ∆(T ), choose S = {uv : u ∈ V (G1)} and
note that |S| = |V (G1)|. Now c(G1T − S) = ∆(T ) > |V (G1)| = |S|, which
means that G1T is not 1-tough.
Let G be a graph with path factor F . Let GF be the graph with vertex set F
and two components c1, c2 ∈ F are adjacent if there exist vertices u ∈ c1, v ∈ c2
such that uv ∈ E(G). In particular, if T is a tree with path factor F then TF is
a tree, deleting a leaf c in TF yields a subtree of TF , and T − c is a subtree of
T . Hence we have the following lemma.
Lemma 3.3. For a tree T with a {P2, P3}-factor F , there exists a component
c of F such that T − c is a tree with a {P2, P3}-factor F − {c}.
For v ∈ V (T ) let Bv := {iv(i+1)v | 1 ≤ i < n} ⊆ E(PnT ). Now for T = P2
and V (T ) = {u,w}, the set {1u1w}∪Bu∪Bw∪{nunw} of edges in PnT forms
a Hamiltonian cycle, and call it the standard Hamiltonian cycle for PnP2. To
avoid confusions, the degree of vertex v in G will be denoted by degG(v). To
prove Theorem 1.2(a), it is sufficient to find a Hamiltonian cycle of PnT where
n = |V (G1)| and T is a spanning tree of G2 that contains perfect matching F
of G2. Note that n ≥ ∆(G2) ≥ ∆(T ). For the convenience of proof, we state a
stronger version as follows.
Theorem 3.4. Let T be a tree with a perfect matching. If n ≥ ∆(T ), then
there exists a Hamiltonian cycle of PnT which contains exactly n−degT (v) of
the edges from the set Bv for any vertex v ∈ V (T ). In particular, Theorem 1.2
(a) is proved.
Proof. Apply induction on the number of vertices of T . For T = P2, the stan-
dard Hamiltonian cycle for PnP2 satisfies the requirement since |Bv| = n−1 =
n− degT (v) for v ∈ V (P2).
For a tree T with a perfect matching F . By Lemma 3.3, there exists a
component (an edge) c in F such that T − c is a tree with a perfect matching.
Let u1 ∈ c and u2 ∈ V (T − c) such that u1 and u2 are adjacent. Let H
′ be
the standard Hamiltonian cycles of Pnc. Since the subtree T
′ = T − c of
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T has a perfect matching, |V (T ′)| < |V (T )| and n ≥ ∆(T ) ≥ ∆(T ′), by the
induction hypothesis, there is a Hamiltonian cycle H ′′ of PnT
′ which contains
exactly n − degT ′(v) edges from the set Bv for any vertex v ∈ V (T
′). Since
n− degT ′(u2) = n − (degT (u2)− 1) ≥ n−∆(T ) + 1 ≥ 1, there exists a j such
that ju2(j + 1)u2 ∈ H
′′. Now
H = H ′ ∪H ′′ ∪ {ju1ju2 , (j + 1)u1(j + 1)u2} − {ju1(j + 1)u1 , ju2(j + 1)u2}
is a Hamiltonian cycle of PnT .
To check that H satisfies the edge requirement, we only need to check those
vertices in T whose incident edges have been changed in the induction step,
which are vertices u1 and u2. For u1, all the n− 1 edges of Bu1 are in the cycle
H ′. We delete one of them, so there are n− 2 = n− degT (u1) edges from Bu1
in H . For u2, there are n− degT ′(u2) = n− (degT (u2) − 1) edges from Bu2 in
the cycle H ′′ by the induction hypothesis. We delete one of them, so there are
n − (degT (u2) − 1) − 1 = n − degT (u2) edges from Bu2 in H . This completes
the proof.
The paper [4] has proved that G1G2 is Hamiltonian when G1 is traceable
with |V (G1)| an even integer no less than ∆(G2) − 1 and G2 contains an even
2-factor (i.e. a spanning subgraph consisting of even cycles). Since an even
2-factor must contain an 1-factor, so Theorem 1.2(a) is a stronger result apart
from the case |V (G1)| = ∆(G2)− 1.
4. Graphs with path factors
In this section, we construct a Hamiltonian cycle of PnG where G is con-
nected with a path factor and n is an even integer with n ≥ 4∆(G) − 2. By
Lemma 2.1, G has a {P2, P3}-factor F . Let T be the spanning subtree of G that
contains F . It suffices to find a Hamiltonian cycle in PnT .
For v ∈ V (T ), let Lv = {iv(i+1)v | i ≡ 0, 1, 3 (mod 4)}, Cv = {iv(i+1)v | i ≡
0, 2 (mod 4)}, Rv = {iv(i + 1)v | i ≡ 1, 2, 3 (mod 4)} denote three special
subsets of the edge set Bv described in the last section. For G = P3 with
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V (G) = {u, v, w} and E(G) = {uv, vw}, the set {1u1v} ∪ {nunv, nvnw} ∪ Lu ∪
Cv ∪Rw ∪ {iuiv : i ≡ 2, 3 (mod 4)} ∪ {iviw : i ≡ 0, 1 (mod 4)} of edges forms a
Hamiltonian cycle, and call it the standard Hamiltonian cycle for PnP3. See
Figure 2 for the standard Hamiltonian cycle for P10P3.
1u
1v
1w
10u
10v
10w
Figure 2. Standard Hamiltonian cycle for P10P3
By direct computation we have the following lemma.
Lemma 4.1. For even integer n, |Lv ∩Rv| ≥ |Rv ∩ Cv| ≥ |Lv ∩ Cv| = ⌈
n−4
4 ⌉.
We define the type of a vertex v in T as follows. v has type B (resp. C)
if v is in an edge in F (resp. if v is the middle vertex in a path of length 3 in
F ). For the two endpoints of a path of length 3 in F , we arbitrarily assign one
endpoint of type L and the other of type R. Let δX = 1 if X ∈ {B,L,R} and
δX = 2 if X = C. Note that δX = degc(v) for c ∈ F and v ∈ c of type X . The
following is a stronger version of Theorem 1.2(b).
Theorem 4.2. Let T be a connected graph with a {P2, P3}-factor F and n be an
even integer. If n ≥ 4∆(T )−2, then PnT contains a Hamiltonian cycle H such
that for any vertex v ∈ V (T ) of type X ∈ {B,L,C,R}, we have H ∩ Bv ⊆ Xv
and |H ∩Bv| = |Xv| − degT (v) + δX . In particular, Theorem 1.2(b) holds.
Proof. We prove by induction on the number of vertices of T . For T = P2, any
vertex v of P2 has type B and the standard Hamiltonian cycle H1 of PnP2
satisfies |H1 ∩Bv| = n− 1 = |Bv| − degP2(v) + 1 for vertex v ∈ P2. For T = P3,
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a vertex v of P3 has type X ∈ {L,C,R} and the standard Hamiltonian cycle
H2 of PnP3 satisfy |H2 ∩Bv| = |Xv| = |Xv| − degP3(v) + δX .
Now assume |V (T )| ≥ 4. By Lemma 3.3, there exists a component c of
F such that T − c is a tree with the path factor F − {c}. Let u1 ∈ c and
u2 ∈ V (T − c) such that u1 and u2 are adjacent. Assume u1 has type X
and u2 has type Y . Let H
′ be the standard Hamiltonian cycle of Pnc and
PnT − c contains a Hamiltonian cycle H
′′ that satisfies H ′′ ∩ Bu2 ⊆ Yu2 and
|H2 ∩Bu2 | = |Yu2 | − (degT (u2)− 1) + δY by induction hypothesis. Referring to
Lemma 4.1, we have |H2 ∩ Bu2 ∩Xu2 | ≥ |Yu2 ∩Xu2 | − (degT (u2) − 1) + δY ≥
⌈n−44 ⌉ − degT (u2) + 2 ≥ ⌈
4∆(T )−6
4 ⌉ − degT (u2) + 2 ≥ 1. Pick ju2(j + 1)u2 ∈
H2 ∩Bu2 ∩Xu2 and then ju1(j + 1)u1 ∈ Xu1 ⊆ H
′. Now
H = H ′ ∪H ′′ ∪ {ju1ju2 , (j + 1)u1(j + 1)u2} − {ju1(j + 1)u1 , ju2(j + 1)u2}
is a Hamiltonian cycle of PnT .
To check H satisfies the edge requirements, we only need to check for v ∈
{u1, u2}. This follows from |H ∩Xu1 | = |H
′ ∩Xu1 | − 1 = |Xu1 | − 1 = |Xu1 | −
degT (u1)+δX and |H∩Yu2 | = |H
′′∩Yu2 |−1 = |Yu2 |−(degT (u2)−1)+δY −1 =
|Yu2 | − degT (u2) + δY .
This theorem can be compared to a result in [4]. The authors considered a
sub-class of trees called 1-pendant trees. Let T be a 1-pendant tree that contains
a path factor and n an odd integer no less than 2∆(T )− 2 . Now PnT has a
cycle omitting at most s vertices, where s is the number of odd components of
the path factor. Since some of PnT is not 1-tough when n is odd, so practically
they gave a good direction to find the long cycles of Cartesian product graphs
which are not 1-tough.
5. Proofs of the corollaries
Proof of Corollary 1.4:
Let S be a vertex subset of V (G2). Now the number of edges between S and
the set of isolated vertices of G2 − S is at least i(G2 − S)δ(G2) and is at most
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|S|∆(G2). Since 2δ(G2) ≥ ∆(G2), we have i(G2 − S) ≤ 2|S| for all S ⊆ V (G2).
By Proposition 2.2, G2 has a path factor and by Theorem 1.2(b) we complete
the proof.
Proof of Corollary 1.5:
This is immediate by applying Lemma 2.3 to Theorem 1.2(b).
Proof of Corollary 1.6:
(1) ⇒ (2) is clear. (2) ⇒ (3) is from Lemma 3.2. (3) ⇒ (1) is from Theo-
rem 1.2(a).
Proof of Corollary 1.7:
(1) ⇒ (2) is clear. (2) ⇒ (3) is from Theorem 2.5. (3) ⇒ (1) is from Theo-
rem 1.2(b).
To show that the assumption n ≥ 4∆(H) − 2 in Corollary 1.7 can not be
replaced by n ≥ ∆(H), we provide a 1-tough non-Hamiltonian graph PnT
such that T is a tree with a path factor and n = ∆(T ) + 1.
Let T1 be a tree with vertex set V (T1) = {1, 2, 3, 4, 5, 6, 7, 8} and edge set
E(T1) = {12, 23, 34, 45, 26, 37, 48}.
Proposition 5.1. The graph G = P4T1 is 1-tough but not Hamiltonian.
Proof. If G is Hamiltonian, the edges incident to degree two vertices of G must
contained in each Hamiltonian cycle. Therefore the edges 1112, 1216, 1317, 1415,
1418, 1121, 1525, 1626, 1727, 1828, 3141, 3545, 3646, 3747, 3824, 4142, 4246, 4347,
4445 and 4448 (thick black edges in Figure 3(a)) are chosen. Since each of
the vertices 12, 14, 42 and 44 is already incident to two chosen edges, the four
edges 1213, 1314, 4243, 4344 (dotted edges in Figure 3(b)) can not be chosen.
Furthermore, this tells that the edges 1323, 3343 need to be chosen as shown
in Figure 3(b). At this time, at least one of 2223, 2324 can not be chosen to
complete the Hamiltonian cycle. Without loss of generality, says the edge 2223
(dashed edges in Figure 3(b)) has not been chosen. Now each of two internal
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disjoint paths from 22 to 23 in the Hamiltonian cycle contains the edge 3233, a
contradiction. Hence G is not Hamiltonian.
Next we show that G is 1-tough. As G depicted in Figure 3(c), there exists a
cycle C of order 30 in G such that V (G−C) = {35, 45} and 3545 is an edge of G
that is incident to 3 vertices 25, 34, 44 of C. For a vertex set S, there are 3 cases
for G− S to discuss : The set S ∩ {35, 45} is non-empty; The set S ∩ {35, 45} is
empty and {25, 34, 44} ⊆ S; The set S ∩ {35, 45} is empty and {25, 34, 44} 6⊆ S.
If the set S ∩ {35, 45} is non-empty, then c({35, 45} − (S ∩ {35, 45})) ≤
|S ∩ {35, 45}|. On the other hand, c(S ∩C) ≤ |C − (S ∩C)| since C is 1-tough.
Because G − S ⊆ (C − (S ∩ C)) ∪ ({35, 45} − S ∩ {35, 45}), we conclude that
c(G−S) ≤ c(C−(S∩C))+c({35 , 45}−(S∩{35, 45})) ≤ |S∩C|+|S∩{35, 45}| =
|S| for all S such that S ∩ {35, 45} is non-empty.
If the set S ∩ {35, 45} is empty and {25, 34, 44} ⊆ S, then the subgraph
induced by {35, 45} is a component of G − S. As depicted in Figure 3(d), the
subgraph G1 of G induced by V (G) − {35, 45, 25, 34, 44} contains a spanning
tree such that all vertices has degree at most 2 except an only one degree 3
vertex. This implies c(G1 − S
′) ≤ |S′|+ 2 for S′ = S − {25, 34, 44}. Therefore,
c(G − S) = c(G1 − S
′) + 1 ≤ |S′| + 3 = |S| for all S such that the subgraph
induced by {35, 45} is a component of G− S.
If the set S ∩ {35, 45} is empty and {25, 34, 44} 6⊆ S, then S ⊆ C and the
edge 3545 is adjacent to some vertices of C−S. Therefore, c(G−S) ≤ c(C−S)
for all such S. Since the cycle C is 1-tough, c(C − S) ≤ |S|. Hence c(G− S) ≤
c(C − S) ≤ |S|.
In conclusion, c(G− S) ≤ |S| for all S ⊆ V (G) which means G is 1-tough.
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(a) Edges with degree 2 endpoints
32 33
(b) Edges which need to be chosen
45
35
25
34
44
(c) A cycle C and the edge 3545 (d) Graph G1 and its spanning tree
Figure 3. The graph P4T1 and its subgraphs
6. Concluding remarks
For G1 traceable, G2 containing a path factor, |V (G1)| even and |V (G1)| ≥
4∆(G2) − 2, we construct a Hamiltonian cycle for G1G2 in Theorem 1.2(b).
On the other hand, Proposition 5.1 shows that the above assumption |V (G1)| ≥
4∆(G2) − 2 can not be extended to |V (G1)| ≥ ∆(G2). In general, we further
conjecture that the assumption |V (G1)| ≥ 4∆(G2)−4 is not sufficient forG1G2
to be Hamiltonian.
Conjecture 6.1. For k ≥ 3, there is a connected graph G with a path factor
such that ∆(G) = k and P4k−4G is not Hamiltonian.
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If a bipartite graph has an equal size bipartition, we call it balanced. For n
being an odd integer and G a bipartite graph, the graph PnG is also possible
to be Hamiltonian if it is balanced. For instance, let V (G2) = {1, 2, 3, 4, 5, 6}
and E(G2) = {12, 23, 34, 25, 36}. The graph P5G2 is Hamiltonian as depicted
in Figure 4.
Figure 4. A Hamiltonian cycle of P5G2
If P5G is Hamiltonian for any G such that G contains a path factor and
P5G is balanced bipartite, then maybe it is possible to construct a Hamil-
tonian cycle for P2k+5G by combining a Hamiltonian cycle of P5G and a
Hamiltonian cycle of P2kG. Hence we give another conjecture.
Conjecture 6.2. Let G be a graph with a path factor and n ≥ 4∆(G) − 2. If
PnG is balanced bipartite, then PnG is Hamiltonian.
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